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ABSTRACT
This paper deals with a transformation of general hypergeometric series of four
variables into a series of Appell's function F 4 of fourth kind. A number of new
reduction formulae for Srivastava's triple series F(3) and Kampe de Ferict's function
F(Z) are derived as special cases.
1. A unification of Lauricella's fourteen hypergeometric functions
Fl • . ..• Fl4 of three variables (4. p. 114) and the additional functions
HA , HB • He of Srivastava (7, pp. 99-100) was introduced by Srivastava
(6. p. 428) in the form of a general triple hypergeometric series F(3)
given by
F(3) .((a): : (b); (b'); (b"): (e); (e'); (e"); )
(e): : (g); (g'); (g"): (h); (h'); (h"); z, y, Z
I ((a) )m+n+p((b))m+n((b') )n+p((b"))p-lm((e) )m((e')),,((e"})p xmynzp
m.... p-O ((e))~+n+p((g))m+n((g'))n+p((g"))p+m((k))m((h'))n((hH))pm! n! p!
where (a) means al, a2• .. ., aA and ((a))" has the interpretation
and so on.
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Let us write a hypergeometric function of four variables in the form
(1.2) FiJI [a: :b; -; -; -:d;e;f;g; ]
C' • _. _ • _ • _ • d" e" I" _. u, x, y, z
.. , , , . , , , ,
00
I
m.... p.q-O
(a)m+n+p+q(b)m+n+p(d)m(e)n(f)p(g)q umxnypzq
(C)m+n+p+q(d')m(e')n(f')p m! n! p! q!
The following reducible cases of (1.2) are obvious:
(i) For u ~ 0, FiJI reduces to a special form of F(3) given by
F(3) [a: : b; -; -: e; I; g; x zJ
C • • -' -' - • e'· I" - . ' y,o. , , • , , ,
(ii) For y, z~ 0, FiJI reduces to Kampe de Feriet's function (1, p. 150)
F(2) [a, b: d; e; u xJ
c: d'; e'; ,
in the contracted notation of Burchnall and Chaundy (2, p. 112).
(iii) For z~ 0 and b = C, FiJI reduces to Lauricella's function FA (4,
p. 113) of three variables.
To suit the purpose of our paper, we will exclusively be concerned with
the function FiJI and its aforementioned special cases without giving any
relations or connections with recent generalisations of hypergeometric
series in the form of S(~) or generalized Lauricella function of several
variables of Srivastava-Daoust [(8) and (9)].
The object of the present note is to obtain a typical transformation
of FiJI into a series of Appell's function F 4 of fourth kind (1, p. 14).
A number of new reduction formulae for F(3) and F(2) are obtained as
special cases. Indeed, we first establish an integral for the product of
Whittaker functions Mk,m(x) and Wk,m(X) in the form
OQ
(1.3) S tA- 1 e-(z+Wlt Wk.!' (pt)Mk1,m1-l (Xlt)Mk2,m2- 1 (x2t)Mks.ms-l (X3t) dto
F(a+p,)F(a-p,) XTI x~ x1l'S pIIH
F(a-k+l) (a)a+P
[
a + P, : : a-p,; - ; -; -: ml-kl; m2-k2 ; m3-k3; p,-k+l;
FiJI
a- k+ l: : -; - ; - ; - : 2ml; 2~; 2m3; -;
Xl X2 ::a a-:.p]
"G' a v v
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where a=!+).+ml + m2+ m3, X =Xl + X2+ X3, Re (a+f.t»O, Re (z+P+
+!X»O, l1=z +p+!X,
(1.4) Mk,m(x) =xH m e- P IF1(!+m-k, 2m+ 1; x)
=xHm e- P ! (!+m-k)r xr
r-O (2m+ l)r rl
and
(1.5) F( -2m) F(2m)Wk,m(x) = F(!-m-k) Mk,m(x) + F(!+m-k) Mk.-m(X)
Formula (1.3) follows as an immediate consequence of (1.4), the integral
(3, p. 216 (16)) and the definition (1.2).
2. On setting k1=k2=k3=k=0=)., Z= -!p, ml=l+v, ~=m3=!+f.t,
xl=2fJ, x2=2y, x3=2~ in (1.3) and using
and
where K,,(x) and I,,(x) are modified Bessel functions, we get
00
(2.1) 1 = J t K" (at) I,,(fJt) Ip(yt) Ip(~t) dt
o
V3t (afJ)" (V~)p (e)-2-2,,-2p r(2 +2f.t)F(2+2v+2f.t)
221' F(v+l) {F(f.t+l)}2 r(t+v +2f.t)
[
2 + 2v+2f.t: : 2+2f.t; -; - ; - : v+!; f.t +I; f.t +I; v+!;
FIJI
! +v+2f.t: : -; - ; -; -: 2v+1 ; 2f.t +1 ; 2f.t +1; -;
2fJ 2v 2~ e-2a]
-, -t -,--
e e e e
where e = a+fJ + y+~, Re (l+v+f.t»O and Re (a ± fJ ± Y ± ~»O.
On comparing (2.1) with a result of Saxena (5, p. 131)
1= (afJ)" (r~)" F(f.t+ v+ 1)
F(v+ l)r{f.t + 1) (a2+fJ2- y2_"2)p+"+t
[
f.t + V+ 1 f.t+v+2 4a2fJ2 4y2~2 ]
F 4 2 ' 2 ,v+ 1, f.t+ 1; (a2+fJ2-y2_~2)2' (a2+fJ2_y2_~2)2
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where F 4 is Appell's function of fourth kind (1, p. 14), we obta.in
[
2a + 2b: :2b +I ; -; -; - :a;b;b;a; 2fl 2 215 -2]
(22)FlJl _ ...1 - ~
. a +2b+I:: _; _; _; -:2a;2b;2b; _; e ' e ' e ' e
_ _ _ T(b j- t) T( a +2b+1) e2a+2b
22a T(2b + 1) Tta s-b +! ) (tX2+tJ2-y2 _152)a+b
[
a +b a +b+1 4tX2tJ2 4"12 1S2]
F4 -2-' 2 ,at!, bTl; ~, (j2-
3. For 15 ~ 0, (2.2) reduces to
(3.1 ) p(3) [2a +2b: : 2b+ 1; -; - : a; b; a;
a +2b+ 1: : - ; - ; - : 2a; 2b; - ;
2fl 2y f3+Y-tX]
tX-;- f3-;- y ' tX+fl+ y ' tX+f3 +y
__T(b + 1) T(a+ 2b+ 1) (tX -t 13 + y)2a+2b
- 22a 1'(2b + 1) T(a +b+!) (tX2+ j32 _ y2)a+b
(
a + b a+b +I
2Fl -2-' -2--;
aT!
whereas for y and IS ~ 0 it yields
[
2a+2b: 2b+ 1, a ; a; 2fl 13 - tX]
(3.2) p '(2) __13 + ' 13+a +2b +I: 2a; _; tX tX
T(b-t~) T(a+2b+I) (tX+f3)2a+2b (a+b, a+b+I
= 22a T(2b+ 1) T(a+b ti) (tX2+tJ2)a+b 2F1 2 aT! 2
For 2b t 1= 2a, (3.2) leads a reduction formula
(3.3) 1 [ 213 13 -tX]p 1 4a - 1, a, a, 3a; 13 + tX' 13 + tX
_ T(a)T(3a) (tX +f3)4a-l p (a- i , a T! .
- 22a{ r(2a)}2 (tX2 +tJ2)20 t 2 1 a +! '
where F l is Appell's function of first kind (1, p. 14). We note that special
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cases of (3.3) for p= 1X and p~ 0 could have been obtained directly from
Euler's fundamental integral representation of hypergeometric function 2Fl .
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